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Abstract: We prove sharp stability estimates for the variation of the eigenvalues 
of non-negative self-adjoint elliptic operators of arbitrary even order upon varia- 
tion of the open sets on which they are defined. These estimates are expressed 
in terms of the Lebesgue measure of the symmetric difference of the open sets. 
Both Dirichlet and Neumann boundary conditions are considered. 
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^ : 1 Introduction 

^ . We consider a non-negative self-adjoint operator 

^ ■ Hu= (-1)" {Aai3ix)D^u) , xen, (1.1) 

\a\ = \0\=m 

^ , of order 2m subject to homogeneous Dirichlet or Neumann boundary conditions 

^1 on a bounded open set Q in M^. Here m G N is arbitrary and the coefficients A^is 

are bounded measurable functions satisfying the uniform ellipticity condition. 

If Q is sufficiently regular then H has compact resolvent and its spectrum 
consists of a sequence of eigenvalues 

Xi[n] < < ■■■ < Xn[^] < ■■■ 

of finite multiplicity such that lim„_j.oo A„[fi] = 00. 

In this paper, for fixed coefficients Aai3, we prove sharp stability estimates for 
the variation of A„[f2] upon variation of Q. 

The problem of estimating the deviation of the eigenvalues of second order 
elliptic operators following a domain perturbation has been considered by several 
authors: we refer to Burenkov, Lamberti and Lanza de Cristoforis [9] for extensive 
references on this subject and to Barbatis, Burenkov and Lamberti [3] for a recent 
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paper concerning stability estimates for resolvents, eigenfunctions and eigenvalues 
in the case of domain perturbations obtained by suitable diffeomorphisms. 

The case of higher order operators has been far less investigated. We refer to 
Prikazhchikov and Klunnik [11] for the case of the biharmonic operator subject 
to Dirichlet boundary conditions on smooth open sets and to Burenkov and Lam- 
berti [B] for the general case of higher order elliptic operators subject to Dirichlet 
or Neumann boundary conditions on open sets with continuous boundaries. The 
estimates provided in [6], [11] are expressed in terms of the Hausdorff distance 
between the open sets. 

In this paper we develop the approach of Burenkov and Lamberti [3 [8] aiming 
at estimates via the Lebesgue measure of the symmetric difference of the open 
sets. 

Namely, we consider families of open sets which are locally subgraphs of func- 
tions of class C™"^'^. We require that the 'atlas' A, with the help of which 
such boundaries are described, is fixed and we consider the class C^'^'^{A) of 
open sets for which the behavior of the derivatives of the functions describing the 
boundaries is controlled by a fixed constant M > (see Definition 12. lOp . 

Let (/^nf^], n E N, denote an orthonormal sequence of eigenfunctions corre- 
sponding to the eigenvalues A„[f2]. In Corollary 14. 141 we prove that if 21 is a family 
of open sets of class C^~^'^{A) such that for some 2 < p < oo 

sup llv^nl^llliy-.pcn) < oo, (1.2) 

for all n G N, then for each n G N there exists c„ > such that for both Dirichlet 
and Neumann boundary conditions 

|A„[fii] - Xn[n2]\ < Cnlfll A n2\^~~^, (1.3) 

for all Qi,Q2 G 21 satisfying \Qi A ^^2! < c^^, where l^i A ^22! is the Lebesgue 
measure of the symmetric difference Qi A ^2- 

If Qi is fixed and Q2 C Qi then in the case of Dirichlet boundary conditions the 
assumptions of Corollary 14 . 141 can be weakened. In fact, in Corollary 14 . 1 2 1 we prove 
that if fii is of class C^'^'^A) and, for some 2 < p < cx), (pn[^i] G W'^'Pi^i) 
for all n G N, then for each n G N there exists c„ > such that for Dirichlet 
boundary conditions 

A„[^^l] < Xn[^2] < A„[fil] + CnlQl \ ^^2^~^ (1-4) 

for all ^2 of class C^j^^'^{A) satisfying Q2 C Qi and \Qi \ ^2\ < c^^- (In this case 
there are no assumptions on the eigenfunctions (y9n[n2].) 

In Section 5 we also prove that, in general, the exponent 1 — 2/p in (11. 3p and 
(11. 4p cannot be replaced by a larger one. 

If the coefficients are of class C"^ and the open sets are of class C^™, 
condition (II. 2p is satisfied with p = 00. It follows that for each n G N there exists 
c„ > such that 

- \n[n2] \ < cn\ni a ^2!, (i.s) 

for all (^1,1^2 of class ClJ'iA) satisfying {^i A 1^21 < c'^- See Corollary lOOl 

The case m = 1 was considered in [71|8]. As in [71 [8], the proof of our estimates 
is based on the general spectral stability theorem [8] Thm. 3.2]. In order to 
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apply that theorem we construct hnear operators 7© : W^o"'^(^i) ~^ Wo'''^{^2), 
7^ : W"^''^{Qi) — )■ W"^''^{Q2) possessing a number of special properties. These 
operators serve as 'transition operators' for Dirichlet and Neumann boundary 
conditions respectively, as required by the general spectral stability theorem. We 
point out that the construction of such transition operators for m > 1 is rather 
sofisticated and a straightforward extension to the case m > 1 of the techniques 
used in |7] for m = 1 is not possible (see the beginning of Section |3] for details). 

We note that in [6] we proved spectral stability estimates expressed in terms 
of so-called 'atlas' distance introduced in [6, Definition 5.1] and of the Hausdorff 
distance of the boundaries of Qi and ^2- In that case we considered classes of open 
sets with boundaries admitting arbitrarily strong degenerations and we did not 
require any summability assumption on the eigenfunctions and their gradients. 
However, as we pointed out in [7i Example 8.1], using the Lebesgue measure of 
fli A ^2 as we do here, allows to obtain better estimates. 



2 Preliminaries and notation 

Let N,m and Q be an open set in M^. Let be the set of all multi-indices 
a = («!, . . . , Oat) and |a| = ai + ■ ■ ■ + be their lengths. Here No = N U {0}. 
By W^'^iyi), 1 < p < oo, we denote the Sobolev space of all complex- valued 
functions u in U'{Vt), which have all weak derivatives D^^u up to order m in 
LP(f2), endowed with the norm 

||'?^||vi/™.p{n) = ^ ||-D"u||/^p(Q). (2.1) 

|q| <m 

If 1 < p < oo, then by W^'^{VL) we denote the closure in ^^'^{VL) of the space of 
all C°°-functions with compact support in Vt. For open sets VL under consideration 
a function belongs to W^'^{VL) if and only if its extension by zero outside VL belongs 
to Vr"^'P(M^). By W^'°°{Q) we denote the space of all functions in Vr™'~(fi) 
whose extension by zero outside Vt belongs to 14^™-'°° (R-^), which is wider than 
the closure in W^'°°{VL) of the space of all C°°-functions with compact support 
in VL. 

Let m be the number of the multi-indices a G with |a| = m. For all 
q;,/3 e such that |a| = \(3\ = m, let Aa/^ be bounded measurable real-valued 
functions defined on fl such that Aa/3 = Apa and for some 6* > 

e-'\e< E < e\i\^ (2.2) 

\a\ = \f}\=m 

forallxGfi, e=(UH=meM^. 

Let Viyi) be a closed subspace of iy™'^(f2) containing W^''^{yt). We consider 
the following eigenvalue problem 




for all test functions v G V{VL), in the unknowns u G V{VL) (the eigenfunctions) 
and A G M (the eigenvalues). 
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As is well-known, problem fl2.3p is the weak formulation of the eigenvalue 
problem for the operator H in (11 .ip subject to suitable homogeneous boundary 
conditions: the choice of V{VL) corresponds to the choice of the boundary condi- 
tions (see e.g., Necas ^lOj). 

We set 

Qniu,v)= f Yl A^fsD'^uD^vdx, Qniu) = Qniu,u), (2.4) 

■^^ |Q| = |/3|=m 

for all u,ve W^'^n). 

We assume that the embedding V{Q) C W"^^^'^{Q) is compact. Then one can 
prove that the restriction to V{Q) of the quadratic form Qq is closed, hence the 
eigenvalues of equation (12.30 coincide with the eigenvalues of a suitable operator 
Hv{n) canonically associated with and V{Q). Since, in particular, the embed- 
ding V{Q) C L^(f2) is compact, Hv{q) has compact resolvent and the following 
theorem holds (see [51 Thm. 2.1] for a detailed proof). 

Theorem 2.5 Let Q be an open set in M^. Let m & N, 6 > and, for all 
a,f3 & Nq such that \a\ = \(3\ = m, let Aap he hounded measurable real-valued 
functions defined on VL, satisfying Aap = Apa and condition li2.S\) . 

Let V{Q) be a closed subspace of W"^'"^ (Q) containing W^''^{Q) and such that 
the embedding V{Q) C W"^~^''^{Q) is compact. 

Then there exists a non-negative self-adjoint linear operator Hy^n) on L^(f2) 

1 /2 

with compact resolvent, such that Dom{Hy^^^) = V{Q) and 

< Hvfn)^, Hyf^-^v >LHn)= Qn{u, v), (2.6) 

for allu,v G V{Q). Moreover, the eigenvalues of equation li2.!J\) coincide with the 
eigenvalues Xn[Hv(n)] of Hv(n) and 

Xn[Hv{n)]= inf sup-r^Jy^, (2.7) 

dim £=71 u^O ^ ' 

where the infimum is taken with respect to all subspaces C of V{Q) of dimension 
n. 

Note that the compactness of the embedding V{Q) C W"^~^''^{fl) can be 
deduced by the compactness of the embedding V{Q) C L^{Q) under some further 
assumptions on Q. Assume that fl is such that for any e > there exists c(e) > 
such that the following inequality holds: 

||u||vym-i,2(f7) < c(e)||M||i2(!^) + e ^ \\D"u\\l2(q). 

\a\=m 

(This inequality holds in particular if Q has a quasi-continuous boundary, see 
Burenkov ^ Thm. 6, p. 160].) Then the compactness of the embedding V{fl) C 
L^(f2) is equivalent to the compactness of the embedding V{Q) C W"^'^'"^ (fl) , see 
Burenkov [H Lemma 13, p. 172] for details. 

In this paper we are interested in the cases V{Q) = W^'\Q) and V{Q) = 
Ty™''^(fi) which correspond to Dirichlet and Neumann boundary conditions re- 
spectively. 
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Definition 2.8 Let Q be an open set in M^. Let m ^ N, 6 > and, for all 
a,l3 & Nq such that \a\ = \(3\ = m, let Aap he hounded measurable real-valued 
functions defined on Q, satisfying Aap = Apa and condition l\2.^) . 
If the embedding Wo^'^n) C W^-^'^in) is compact, we set 

If the embedding W"^''^{Q) C W'^^^''^{Q) is compact, we set 

The numbers A„_x)[^]; are called the Dirichlet eigenvalues, Neumann 

eigenvalues respectively, of operator U.l\) . 

Remark 2.9 If Q is such that the embedding Wq''^{Q) C is compact (for 

instance, if Q is an arbitrary open set with finite Lebesgue measure), then also 
the embedding W™'^(f2) C W"^~^''^{Q) is compact and the Dirichlet eigenvalues 
are well-defined. 

IfQ is such that the embedding W^''^{Q) C L'^{Q) is compact (for instance, iffl 
has a continuous boundary, see Definition \2.10\) . then the embedding C 
^m-i,2^Q^ zs compact and the Neumann eigenvalues are well-defined. 

In the next sections we shall study the variation of A„,D[fi] and A„,a/'[^] upon 
variation of Vt in suitable classes of open sets defined below. 

For any set V in and 5 > we denote by Vs the set {x &V : d{x, dQ) > 6}. 
Moreover, as in [3], by a cuboid we mean any rotation of a rectangular paral- 
lelepiped in M-^. 

Definition 2.10 Let p > 0, s, s' & N, s' < s and {V^}j=i be a family of bounded 
open cuboids and {rj}j^^ be a family of rotations in M^. 

We say that A = {p, s, s', {Vj}^^^, {rj}^^^) is an atlas in with the param- 
eters p, s, s', {V,}*^;^, {rj}j^i, briefly an atlas in . 

We denote by C{A) the family of all open sets Q in satisfying the following 
properties: 

(i) n(Z U {Vj)p and {Vj)p n ^ 0; 

(ii) Vj ndn j^d) for J = 1,... s', Vj ndn = ^ for s' <j < s; 
(ziz)forj = 

rj{Vj) = {x eR^ : Qij < Xi < bij, z = 1, N} 

and 

rj{il n Vj) = {x G : aNj < Xn < 9jix), x G Wj}, 

where x = (xi, Xn-i), Wj = {x E M.^^^ : aij < Xi < bij, i = 1, N — 1} and 
Qj is a continuous function defined on W j ( it is meant that if s' < j < s then 
9ji^) = ^Nj for all X G Wj); moreover for j = 1, . . . , s' 

aNj + P< gj{x) < hNj - p, 
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for all X G Wj . 

We say that an open set Q in is an open set with a continuous boundary 
if fl is of class C{A) for some atlas A. 

Let m G N, M > 0. We say that an open set is of class C^j{A), C^f^''^{A) 
if Q is of class C{A) and all the functions gj in (Hi) are of class C"^(Wj), 
C"^-iA(Wj) with 

\9j\c"^(Wj) = \\D"9j\\L°°(Wj) ^ ^5 

l<|a|<m 

\^\=^_lx,y&W, F y\ 

respectively. 

We say that an open set i7 in is an open set of class C™, ^ 
of class C]J(^), C]^~^'"'^(^) respectively, for some atlas A and some M > 0. 



3 A pre-transition operator for higher order So- 
bolev spaces 

The aim of this section is proving the following theorem. 

Theorem 3.1 Let A = (p, s, s' , {VjYj^^, {r^Y^^^) be an atlas m R^, m G N, 

M > 0. Let ^1,^2 G C^Y^'^ i-^) ■ For all m & N, 1 < p < oo there exist linear 
maps 

Tv : W;;'''{Qi) -> Vro™'^(fi2) and Tm : W^^^iyti) ^ W^^^iVt^), 
with the following properties: 
(i) there exists Ci > depending only on A,m,M,p such that \\Tv\\, WTmW < 

(a) there exists C2 > depending only on A, and an open set G Qi (1 Q2 
such that 

\ni\n3\, \n2\n3\<C2\ni An^i (3.2) 

and such that 

Tt)[u]{x) = u{x), TAf[v]{x) = v{x), (3.3) 
for all u G W^'^{ni),v G W^'P{yL2), x G Vl^. 

For m = 1 Theorem 13.11 was proved in [71 E] • We note that the construction 
of the operator 7x> in [7] does not have a straightforward generalization to the 
case m > 1. A more or less straightforward generalization of a crucial step in 
the construction in [7] is given in Lemma 13. 4[ where a special transformation 
$c is defined depending on a positive constant c. Importantly, the derivatives 
of $c of order greater than one have singularities. This leads to singularities 

iNote that as customary hjWc^f^w,) = II.9jI1l~(w,) + l5jlc'"(W,) and ||5j|lc™-i.i(W,) = 
ll5ilU==(w,) + l5jlc'"-i.i(Wj)- 
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when applying the chain rule to compositions v{^c), which are explicitly written 
out in the first summand of the right-hand side of formula fl3.10p . In order 
to overcome this difficulty, in Lemma 13.231 we construct a linear map T, given 
by formula (I3.25p . with appropriately chosen parameters Sk, Ck which allow to 
control the effect of singularities and ensure the boundedness of T. The proof of 
the boundedness of T is based on the one-dimensional Lemma 13.191 Finally, in 
the proof of Theorem 13.11 local transformations of such type are pasted together. 

Lemma 3.4 Let W he a hounded convex open set in M^^^. Let m & fi, a & 
Di > D2 > a and gi,g2 E C"^~'^'^(W) he such that 

D2 < 92{x), gi{x) < D,, (3.5) 
for all X eW. Let S = 2(Di~D2) ^'^^ -^^^ 



gsix) = g2{x) - S{gi{x) - 5-2(3;))+ 
giA^) = 92ix) + c6{gi{x) - g2ix)y 



for all X G W, and let 



Ok = {{x,XN)- X G W, a < xn < gk{x)} , k = 1,2,3, 

Ci,c = {{x, xn) ■■ X eW, a< xn < gi,c{^)} ■ (3.6) 

Let $c he the map of O2 into Oic defined hy 

^c{x) = {x,xn + ch{x)), X e02 (3.7) 

where 

Then the following statements hold: 

(t) ^ O3 C O2; Oi, 02,03 C Oi,, and |0i,c\02| = c5\Oi\02\ = c\02\0^\; 

(11) IS a hijection 0/ O2 onto Oi^^, $0(^02) = <9Ci,c, $c G <^zo<r^'^(C2) n 
Lip((92), and ^c{x) = x for all x G O3; 

(Hi) there exists M > depending only on N,m,a,Di,D2,\\gi\\^m^i.i(w) '^^^ 



\g2\c"^-^Mrw) ^^^^ that for all a G with \a\ < m 



Proof. We note that iix &W and g2{x) > gi{x) then g^{x) = gi^x) = g2{x); 
viceversa, if g2{x) < gi{x), since c5 > 1 it follows that g^{x) < g2{x) < gi{x) < 
gi^x). In particular, C O2 and Oi,02,0^ C (9i_c; moreover, if {x,xm) G 
C2 \ C's then 52 (a;) < 51 (x), hence $c is well defined. Since 5 < (-D2 — o)/(-Di — D2) 
then a < 53 (x) for all x G W , hence 7^ 0. Moreover, we note that 

fi'i,c(x) - g2{,x) = c6{gi{x) - g2ix)y = c{g2{x) - gsix)), 

hence the equalities in statement (i) follow. 
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Statement (Hi) follows by standard calculus. 

We now prove statement (ii). By using the same argument as in [TJ Lemma 4.1] 
one can prove that $c ^ Lip((92). Moreover, it is obvious that $c is a bijection 
of O2 onto Oi,, and ^^(SCa) = dOi^^- 

It remains to prove that $c ^ C'^™c~^'^(^2)- Clearly $c is of class C^~^'^ 
on the open sets O3 and O2 \ O3. We now prove that $c is of class C™~^ 
in a neighborhood of any point of O2 H d03. It clearly suffices to do so for 
{^c)n- Let {y,yN) e O2 n (9O3. Then yN = g^ilj) < 92{y) < gi{y) and by 
continuity there exists an open neighborhood U of {y,yN) contained in O2 such 
that gzix) < g2{x) < giix) for all (x, xat) G U. 

Consider the functions ipiix.XN) = xn and (p2ix,XN) = xn + s''^\gi~{s)-J!{x))"- 
for all {x,xn) G U. Clearly ipi,ip2 G C"^-i.i(t/) and £'°y?^= D''ip2 on [/ n SCg 
for all a G with |a| < m — 1. Since ($c) at = v^i on f/ fl O3 and ($c) at = v^2 on 
f/ \ O3 it follows that (^Jtv e C™~^(?7). Moreover, since D^Lpi = D'^^2 on the 
graph of g^ for all \a\ = m — 1, it follows that D"(<l'c)Af; hence -D"$c is locally 
Lipschitz continuous on C2 for all |q;| = m — 1. □ 



Lemma 3.9 Let the assumptions of Lemma \ 3.4\ hold. If v G W[^^ (C^i,c) then 
V o E Wj^^^{02) and for each a G Nq with 1 < |a| < m 

D"{v{^,)){x) (3.10) 

l<l/3|<|a| r=l |/3| = |o| '"=0 

for all X E 02\ O3, where hjj^r are hounded continuous functions independent of 
c. Moreover, there exists M > depending only on N,m,a, Di,D2, ||fi'i||c™-i,i(i;y) 
and ||5'2||c™-i.i(vF) ■^^'^^ ^^^^ all functions hj^^r in /13.10\) satisfy the inequality 

13, r\\L°^ (02X03) - 

Proof. If = (0i,...,07v) is a map of O2 to Oi^c of class C^^^'^ then 
vo(j)E W;^^\02) for all v G W;"/(Ci,e). Moreover, by the chain rule /^"(f (0)) 
is a linear combination of the functions 

(3.11) 

with natural coefficients depending only on a, /3, z/j^, . . . , z/j^., where 1 < < 
k = \(3\, ii,...ik E {1, . . .,N}, Ui^,. ..,Ui^ G N^, and 

kijH \-\iyiJ = \a\, \ui^\,...,\uij>l. (3.12) 

In particular if = $c then 0j(x) = Xi for alH = 1, . . . , — 1, and (f)N{x) = 
Xn + ch{x) for all x G O2, where h defined by 03.81) . If ii, . . . ,ik G {1, . . . , — 
1} then among the functions in (13.111) we can consider only those with z/j^ = 
Cjj, . . . , z/j^ = Cif,, (here Ci, . . . , cat denotes the canonical basis in M^) in which 
case 1/3 1 = |a| by (13.121) : thus, in this case we can consider only functions of the 
type 

{D^v)i<^,) (3.13) 
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with 1/3 1 = |a|. The remaining functions correspond to the cases when at least 
one of the indices is is A^. Assume that exactly n of them are equal to N, then 
^is = ^is remaining — n of them. Thus, such functions are of the type 



{D^v){^c)D'^'{xn + ch{x)) ■ ■ ■ D^^ixN + ch{x)) 
where 1 < < |a|, I <n< r/i, . . . ,r7„ G N^, and 



'^\Vn 



\a\ - \(5\ + n, Ir^il, . . . , \'qn\ > 1 • 



The functions in (13.141) are linear combinations of functions of the type 
with natural coefficients depending only on a, /3, p,^i, . . . , ^p, where 

i<p<n, ieii + --- + iepi = i«i-i/3| + p, >i, 



(3.14) 
(3.15) 
(3.16) 
(3.17) 

= ?7n = 



and of functions of the type (13.131) which correspond to the case rji = ■ ■ 
Cat, in which case |a| = \/3\ by (13.151) . 

By Lemma [3.41 the functions b^^ = h}^"^'^ D^" h are continuous, bounded and 
such that il&$JlLoo(02\o3) < where Mi is constant depending only on N,m,a, 
fi'i||cm-i,i(vi/) Il5'2||c'"-i.i(vy)- Hence 

d'{D'^v){^c)D^'h---D^^h (3.18) 
= cP{D^v){^,)bi:, ■ . = cP{D^v){^,)bi:, ■ ■ -fe^^/i'^l-l"!. 

Thus D"{v{^c)) is a linear combination with natural coefficients depending 
only on a, (3, p,C,i, . . . , C,p of functions of the type (I3.13P with \(3\ = \a\ and of the 
type (I3.18P with 1 < \f3\ < \a\ and I < p < \(3\ . Clearly, such functions can be 
arranged as in formula (I3.10p . □ 

Lemma 3.19 Let /x, s G N, s < yU, < Ci < ■ ■ ■ < c^, 7i, . . . , 7^ G M and 

J2lkcl = 0, a=l,...,s. (3.20) 

k=l 

Moreover, let — oo < a < b < oo, rj G C^[a,b] and ri{x) > 0, ri\x) > for all 
X G (a, b). Then 



^7fcCfe/(x + Ckr]{x)) 



k=l 



<C||/(^)| 



LP{a,b+c^ri{b)), 



LP{a,b) 



for all 1 < p < oo and for all f G W^'^^a, b + CpTjib)), where 



C = ^ \lk\ck{ck - ciY 

k=l 
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k=l 



Proof. If / G W^'P{a,b + c^ri{b))) there exists a function g equivalent to / on 
(a, b + c^ri{b)) whose derivative absolutely continuous on [a, b + c^r]{b)]. 

By (ICTD for all x G (a, b) 

lkCkg{x + Ckiiix)) = ^ ikCk{g{x + Ckiiix)) - g{x + Ci77(x))) 
1 fc=i 

A* /.I 

y'7fcCfc(cfe - Ci) / 5('(x + cir7(x)+ti(cfc-ci)r7(x))(iti 

^7fcCfc(cfc - ci) / g' {x + cir]{x) + ti{ck - ci)r]{x)) - g' {x + cir]{x))dti 
k=i -^0 
M pi pi 

^^(a;) V'TfcCfclcfc - Ci)M / + Cir7(x) + tit2(cfc - Ci)r7(x))rft2C?ti = • • • 

k=l "^0 

M /.I pi 

ri\x)y2lkCk{ck - CiY I ... I ti- ■ -ts-ig^^^x + ciri{x) +ti- ■ -tsick - ci)ri{x))dts 
k=i 



By Minkowski's inequality for integrals 



r] '{x)^'^kCkf{x + Ckri{x)) 



k=l 



LP{a,b) 



^7kCkgix + Ckiiix)) 



k=l 



LP{a,b) 



< 



M pi pi 

|7fc|cfc(cfe - ci)' / ... / Wg^^Xx + Cir]{x) +ti- ■ -tsick - Ci)r]{x))\\LP{a.b)dts . 

k=i 



..dt 



Let y = X + Ci?7(x) + ti ■ ■ • ts{ck — Ci)rj{x). Note that for all x E [a,b], a < y{x) < 
b + c^r]{b) and y\x) > 1. Hence 



\\g''''\x + ci?7(x) + ti ■ --tsick - ci)r]{x))\\LP{a,b) 



< \\g^'\y)\\LP(^a,b+c,,ib)) = ||/^^^||LP(a,6+c,,(6)) (3.22) 



and the statement follows. 



□ 



Lemma 3.23 Let W,m, a, Di, D2, 5, gi, g2 be as in Lemma 3.4 Let Si, . . . , 5m & 
^/S < Ci < ■ ■ ■ < Cm be such that 



^(5fe = l, and ^4^ = 0, r = l,...,m-l. 



(3.24) 



k=l 



k=l 



Let Qs, Qc^, Oi, O2, O3, Ci,cfc, be as in Lemma \3^ with c replaced by Ck for 
all k = 1, . . . , m. Let T be the linear map of L\g^{W x\a, oo\) to L]gJ^02) defined 

by 



T[v]{x) = J2^kv{<l>c,{x)), 



(3.25) 



k=l 



for all X E O2 and for all v G Ll^^{W x]a, oo[). 
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Then for all 1 < p < oo 

T : W"'^PiWx]a,oo[) W^^'^iO^) 



(3.26) 



and there exists C > depending only on N,m,p,a, Di, D2,S,Cm, ||fi'i|lc™-i.i(W)' 
1^2110— that \\T\\ < C. 

Moreover, T[v]{x) = v{x) for all v G Ll^^{W x]a, oo[) , x G O3, and if v = 
on 01 then T[v] = Q on O^. 

Proof. First of all we recall that if x G then ^c^i^) = ^ i^i all k = 
1, . . . ,m. Thus by the first condition in (I3.24p it follows that 



T[v]ix) = J25kv{^cd^)) = Y,5kv{x) = v{x), 



(3.27) 



fc=i 



k=l 



for all V G Lj^^{Wx]a, oo[), x G O3. 

Let V G W"''P{Wx]a,oo[). By Lemma [3l] T [t;] G W;^^{02) and 



m 



l<l/3|<|a| '■=0 ^ fc=l 

for all \a\ = m and for all a; G (^2 \ C^a, where hp^ = if \(3\ < \a\. We now 
estimate the norms of the summonds in the right-hand side of fl3.28p . We 
consider first the case 1 < p < cxd, < |a|, 1 < r < In this case we apply 
Lemma [3.191 with /(xat) = D^v{x,xn), cl = dsi^), b = g2{x), ti^xn) = h{x,XN), 
/X = m,7fc = Skcl~\s = \a\ - \/3\. 
Note that by (Km 

m m 



k=l 



k=l 



Indeed, 1 < r < hence 1 < a+r— 1 < — 1 < m— 1 for all a = 1, . . . , |a| 
Thus, condition fl3.20p is satisfied and by Lemma 13.191 we have 



"92(2; 

'W Jg-iix) 
<Cl 




^ m 

j^(^^ya\-m E ^kcl{D'^v){x, xn + Ckh{x)) 



dxjydx 1 




W Ja 



1/p 



where /3 = {/3,(3n)- In the case 1 < p < 00, 
change of variables we obtain 




'W Jgaix) 
< 



{DI^v){x,xn + Ckh{x)) 



k=0 



(3.29) 

< r < by a simple 

i/p 




W J a 



/i(a;)l"l-l/3| 

m 

Y6kcl{D^v){x,XN + Ckh{x)) 



dxivdx 



k=0 



p \ i/p 

dXNdx I < C2||f ||H/m.P(H/x]a,oo[)- 



(3.30) 
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Thus by dSSHD, (CT), (ESDD 

||-D°T[f]||ip(c)2\ci3) < C3||t;||^m,p(^x]a,oo[), (3.31) 
for all V e W^^P{Wx]a, oo[). Clearly, by flXTT]) 

||-D"T[i;] ||/^P(C)3) = \\D"-v\\Lp(^Oi) — ll^ll W/™'P{W/x]a,oo[), 

Thus 

||T[?;] ||vi/m,p(C)2) ^ C4||f ||H^m,p(iyx]a,oo[)- (3.32) 

for all V e W'^'P{Wx\a,oo[). In f l3:29|) - fl3:32|) . gi, £2,53,04 are constants which 
clearly can be estimated above by a constant depending only on iV, m, p, a, Di,D2, 

S,Cm,\\9i\\c^-^,iiW)^ ll^?2|L^-i,i(vF)- Thus, T maps VT^'f (Vrx]a, cx)[) to ^^'"'^(Oa), 
and is a linear and continuous map with ||T|| as in the statement. 

The argument above works also for the case p = 00 provided that integrals 
are replaced by the corresponding L°° norms. 

Finally, if f G Ll^^(Wx]a, 00 [) is such that f = on then f = on O^^^^ 
hence f ($cj = on for all /c = 1, . . . , m; thus T[v] = on C^. □ 

Proof of Theorem 13. li We divide the proof into three steps. 
Step 1. Recall that TjiVj) is a cuboid ^k=i\'^kj,bkj[ and 

rj{Vti n Vj) = {{x, xn) eR^ : X e U^~^]akj, bkj[, a^j < xn < gi,j{x)} , (3.33) 
for i = 1,2, where gij G C'^~^''^(Wj) and 

(^Nj + I < 92,j{x), gij{x) < bNj - |, (3.34) 

for all j = 1, . . . , s', X G Wj. 

For each j = 1, . . . , s' we apply Lemma 13.231 with W = Wj, a = qnj, Di = 
bNj - p/2, D2 = aNj + p/2, gi = gij, g2 = g2,j, hence 

S = - min — , (3.35) 

2 j=i,-,s' 2{bNj - a^j - p) 

and with Ck = k — 1 + 1/5, for all k = 1, . . . ,m, and 6k determined by fl3.24p . 
Accordingly, for each j = 1,. . . ,s', we consider the sets Oi = Oij, O2 = O2J, 
O3 = O3J defined by (13. 6p and the map T = Tj, Tj : Ll^^{W j x]a ^ j, oo[) — )■ 
^L(^2,i)' defined by (Km . Observe that Oij = rj^rii n Vj), i = 1,2. Finally, 
for all j = 1, . . . , s', we set 

rAv]^{T,[{vor\''\^^^^^^^J)or,, (3.36) 
for all V G Ll^{R^), and 

Qs,^r'^-'\0,,). (3.37) 

By Lemma[323]it follows that Tj : LlM^) ^ Llc{^2r\Vj), Tj : W"^^p{R^) 
W'^'P{n2 n Vj), for all 1 < p < cx), j = l,...,s'. Moreover, Tj[v]{x) = v{x) 
for all V G Lj^^iM.^), x G f^sj, and there exists Cij > depending only on 
A^, m, p, aNj, bNj,M and there exists C2J > depending only on p, aNj, bNj such 
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that 117^11 < Cij and K^^a n Vj) \ n^J < CsjKl^i n Vj) \ ((^2 n Vj)\. Furthermore, 
iiv e Li„^(R^) and u = on (fii n VjY then T^t; = on (^2 n VjY. 

Step 2. We paste together the functions Tj defined in Step 1. To do so, 
we consider a partition of unity {'0j}j=i such that ipj e C'^{{yj)-i^ for all j = 
1, . . . , s and such that X]^=i i^ji^) = < < 1 and | V'?/'j(x)| < C3 for all 

X G Uj^-^{Vj)p, where C3 depends only on A. 

For all J = 1, ... , s', let 7^ : L^^iR^) Llci^2 H l^j) be as in Step 1, and for 
all s' < j < s, let Tj be the restriction operator from Lj^^iM.^) to Lj^^^(V,). Then 
we consider the operator T of Ll^^(R^) to L;^Q^(fi2) which takes v G L;^q^(R^) to 

s 

rH=$^7-[^,t;], (3.38) 
i=i 

for all V G i^Ll^^)- Clearly, if G then 7^[V^jT;] G V^'"'P(^]2)• 

S'iej* 5. Since Qi G C]^~^'^(^), by Burenkov [4, Thm. 3, p. 285] there exists a 
linear extension operator 

with II-Ea^II depending only on A,m. Let 

be the extension-by-zero operator. 
We set 

rv[u] = r[Evu], TmIv] = r[E^v] (3.39) 

for all u G W^o^'^l^). ^ ^ and 

= \ (u,Ci(fii n r,) \ ^]3,,)• (3.40) 

Note that f^a fl V^- C fiaj for all j = 1, . . . , s', hence ^3 C fl ^2- 

By 5iep ^. it follows that 7> maps iy™'P(l]i) to Vr'"'P(fi2). Moreover, if 
u G iyj"'^(f2i) then i?x)M vanishes outside Qi, hence Tj[ipjET>u] vanishes outside 
^2 and Tv[u] G W^'P{n2). Thus Tv maps VTo"'"!^!) ^ W^o^'^'l^a). 

Statement (^zj follows by Step 1 and by the properties of the extension opera- 
tors Ej^, Ejj. The equalities in fl3.3p immediately follow by Lemma [3.231 Finally, 
inequality fl3.2p can be deduced by Lemma 13.41 (i) by using exactly the same 
argument in the proof of [TJ Lemma 4.23]. □ 

4 Sharp estimates for the variation of the eigen- 
values via the Lebesgue measure 

In this section we prove stability estimates for the eigenvalues A„_x)[fi], A„_A/-[ri] 
defined in Definition 12.81 Recall that A„^x)[^]) A„^^[i7] are the eigenvalues of the 
operators if^m,2^^^, ii/'t^m,2(f^) respectively. 

By v9n,D[f2] and (^„^_/v^[f2] we denote a sequence of orthonormal eigenfunctions 
corresponding to A„,x)[f2] and A„,Ar[f^] respectively. 

When no distinction between the Dirichlet and the Neumann case is required 
and we refer to both, we simply write A„[i7], V5„[fi], Hq to indicate the eigenvalues 
and the corresponding eigenfunctions and operators. 
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The following statement hold for both Dirichlet and Neumann boundary con- 
ditions. 

Theorem 4.1 Let A = {p, s, s' , {Vj}j^^, {rj}j^-^^) be an atlas in M^, m G N, 
M,6 > 0. For all a, /3 G with \a\ = \f3\ = m, let Aap he measurable real- 
valued functions defined on W^^^Vj, satisfying Aai3 = Af^a and condition h2.2^} . 

Let 2 < p < oo, < Mn < oo for all n e N, and ^ = {Q e CZ'^'\A) : 
llv^rii^^] llvy^'PCn) < Mn for all n G N}. 

Then for each n E N there exists c„ > depending only on n,A,m,M,9,p, 
Ml, . . . , Mn such that 

\n[^2] < A„[fil] + Cn\ni A fi2|'"^ (4.2) 

for all rii G 21, G C^^'^'^iA) such that A ^]2| < . 

Proof. Let ^]l G 21 and Q2 e C^f^'^A). To shorten our notation we set 
fn,i = V'nf^i], for all n G N. We denote by £1 the space of the finite linear 
combinations of the eigenf unctions <fn,i- Moreover, we define a linear operator 

T12 : £1 ^ Bom{Hi,{') 
by setting in the Dirichlet case 

and in the Neumann case 

Tl2[Pn,l\ = Tj\f<^n,l- 

for all n G N. Here 

Td : W^o™'''(^i) ^ W^o"''''(^2) and Tn : PF^'^lfii) ^ W'^'P{Q2) 

are the operators provided by Theorem 13.11 Note that T12 is well-defined. In- 
deed, by assumption £1 C W"^'P{Qi), and in the Dirichlet case £1 C W^'^{Qi). 
Moreover, T12 takes values in Dom{Hl^^^) because in the Dirichlet case W^'^{^l2) 
C Wo"''^(1^2) = Bom{H^[^), and in the Neumann case W"''P{n2) C W"''^{n2) = 
Dom(<'). 

To prove (14. 2 p we apply the general spectral stability theorem [8l Thm. 3.2]. 
In the terminology of |8j, we need to prove that T12 is a 'transition operator' from 
i^Qi to Hq2- To do so, we prove inequalities (14. 7p and (14. 8 p below. 

By Theorem 13.11 T^fn = on where Vt^ is as in Theorem 13.11 iii). Thus 

{Hli{^Ti2ipk,i, i/^f Ti2¥?/,i)L2(f^2) = Qn^iTuVk,!, Tu^i^i) (4.3) 
= Qn3(Ti2(pk,i,Ti2ipi^i) + Qn2\n.j(Ti2ipk,i,Ti2ipi^i) 
= Qn3iVk,i,Vi,i) + Qn2\na(Ti2ipk,i,Ti2(pi^i) 

= (-^ofv^fc,!' -f^nfv'/, 1)^2(^1) - Qni\n:i{Vk,i,<^i,i) + Q n2\n3 [Tu'-P k, 1, Tu^p 1) , 
for all k,l eN. By Holder's inequality 

Qn^Xn^iVk,!, ^1,1) < cMkMil^i \ r^gl'"^ (4.4) 
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and by Theorem 13.11 we have 



Qn,\n,iTi2iPk,i, ^2^1,1) < cMkMi\^l2 \ fi3^~^ (4.5) 

and 

I^]l\fi3|, |^]2\^^3| < c|fii A fisi, (4.6) 

where c > depends only on A, m, M, 6, p. Thus by fl4.3p - fl4.6p it follows that 

I (-f^of ^i2V^fc,i' -^sif ^12V5/,i)l2(Q2) 

-{Hl,{^^k,i,Hl,{^^i^,)L^n,)\ < 55MkMi\Q, A l^sl'"^ (4.7) 

and similarly 

1— - 

\(Ti2ipk,i,Ti2'~pi,i) L^Qi) - {'^k,i,fi,i)L2{ni)\ < ceMkMi\Qi A (4.8) 

for all k,l eN, where C5, cq > depend only on A, m, M, 9, p. 

By (14. 7p . (14. 8 p it follows that T12 is a transition operator from H^i-^ to Hq^ with 
parameters a^i = c^Mf^Mi, b^i = cqM^Mi and measure of vicinity 5{H^^, H^^) = 
1^1 A fisT^^ (see P Def. 3.1]). Thus by [H Thm. 3.2] it follows that 

< Xnl^i] + (2a„A„[r]i] + b^)5iHn,, H^,). (4.9) 

if S{Hn,,Hn,) < (2a„)-\ where a„ = {j:ii=i4iY^' = c^ELi^l &n = 
Cl2ki=i bkiY^"^ — ^6 J2k=i ^k- Furthermore, by |6l Lemma 3.2] there exists A^, > 
depending only on n, A, m, 6 such that 

\n[n] < A„ (4.10) 

for all VL G C^j~^'^{A). Thus, inequality (14. 2 p follows by combining (14. 9 p and 

dnni). □ 



Remark 4.11 It can he traced that starting with ( [^.3[ ) one can obtain the esti- 
mate 

n 

An[^2] < A„[f2i] + Cn ^ ||¥'fc[f^l]||iy'">2(Qj^Q2) 

k=l 

which in some cases (depending on the properties o/(/9i[r2i], . . . ,(y9n[i7i] near the 
boundary of Qi) can be better than estimate ( [^.^| ). 

It is well-known that if ^2 C then A„^x)[i7i] < A„^x)[^2]- Thus by Theo- 
rem |1]T] we immediately deduce the following corollary concerning Dirichlet eigen- 
values (for the proof of the sharpness of estimate (I4.13p . see Section 5). 

Corollary 4.12 Let A = {p, s, s' , {VjYj^^, {vjYj^^) be an atlas in , m e N, 
M,e > 0. Let fii e C'^Y^'\A). For all G with \a\ = \(3\ = m, let 
Aai3 be measurable real-valued functions defined on Qi, satisfying Aa^ = A^a and 
condition \2.2\) . 
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Assume that 2 < p < oo and (pn,v[^i] ^ W^'^lQi) for all n E N. Then for 
each n G N there exists c„ > depending only on n, A, m, M, 6,p, \\(fk[^i] \\w"^-p{ni) 
k = 1, . . . ,n, such that 

Kvi^i] < Kv[^2\ < Kvl^i] + cnl^i \ fi2^~^ (4.13) 

for all Q2 of class C^^'^'^{A) such that Q2 C Qi and \Q1\Q2\ < ■ 

Moreover, in general the exponent 1 — ^ in (JjJ^ cannot be replaced by 1 — ^+6 
where 6 > is a constant independent of p. 

If we assume that both Qi and ^2 belong to 21 then it is possible to swap fli 
and fl2 in (14. 2p . In this way we obtain a two-sided estimate for both Dirichlet 
and Neumann eigenvalues without assuming that ^2 C Qi as in Corollary 14.121 

Corollary 4.14 Let A = (p, s, s' , {Vj}j^^, {rj}j^^) be an atlas in , m e N, 
M, 9 > 0. For all a, (3 E Nq with \a\ = \(3\ = m, let A^ji be measurable real-valued 
functions defined on U^^^^Vj, satisfying A^is = Ajja and condition l\2.^) . 

Let 2 < p < 00 and let 01 be a family of open sets of class C^j~^'^{A) such 
that for each n E N condition U.^) is satisfied. 

Then for each n E N there exists c„ > depending only on n, A, m, M, 6, p, 
supnea Hv^fcf^^] || vi/™.p(n) k = 1,. . .,n, such that 

|A„[^]l] - Xn[n2]\ < cnl^i A ^]2^"^ (4.15) 

for all Qi,Q2 ^ 21 such that \Qi A 0,21 < '^n^- 

If 21 is a family of open sets with sufficiently smooth boundaries then condition 
(11.21) is satisfied with p = oo. 

Lemma 4.16 Let A = {p, s, s' , {Vj}j^^, {rj}J^-^^) be an atlas in , m E 'N, 
B,M,9 > 0. For all a,(3 E with \a\ = \(3\ = m, let A^^p E C™(u|I7^) 
satisfy A^p = Ap^, ll^a/3|lc™{LH~;i^) — ^'^^ condition h2.2\) . Then ^n[0] ^ 
iy2m-i,oo^^'j thcrc cxists C > depending only on A, m, B, M, 9 such that 

N k 

WiPnMWw^^iU) < Cil + + (4.17) 

for allk = 0,...,2m-l and Q E Cj^iA). 

Proof. It is well-known that under our regularity assumptions Dom(if) C 
W'^"^''^{Q) (see e.g., Agmon |2], Sec. 9]). Moreover, since the coefficients Aai3 are 
of class C" and we impose either Dirichlet or Neumann boundary conditions, we 
can resort to the general setting of Agmon [1] (see [2], pp. 141-143] for details). 

Thus, by [H Thm. 1.1 and the Lemma on p. 131] it follows that if m G Dom{H) 
and Hu E LP{D,) for some p > I then u E W^^'"'^(f2) and 

||M||iy2m,p(!^) < c{\\Hu\\LP{n) + \\u\\LP{n)), (4.18) 

where c is a positive constant. In particular if (/? is an eigenfunction corresponding 
to an eigenvalue A and ip E L^^fl) then 

||M||iy2m,p(Q) < c(l + A)||n||LP(Q). (4.19) 
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By the apriori estimate f l4.19p and a bootstrap argument one can finally prove 
estimate fl4.17p (see for instance Burenkov and Lamberti [H Thm. 5.1] where in 
the proof one has simply to replace [H (5.5)] by f l4.19p ). □ 

By Corollary 14.141 and Lemma 14.161 we immediately deduce the validity of the 
following 

Corollary 4.20 Let A = (p, s, s', {r^j^^i) be an atlas m R^, men, 

B,M,e>0. For all a, /3 G with \a\ = \P\ = m, let A^^ G C"(u|I7^) satisfy 
Aap = Apa, ||^a/3||cm( u« ^Vj ) — ^ ' '^'^^ Condition /12.B) . Then for all n E N there 
exists Cn > depending only on n, A,m,B, M, 9 such that 

|A„[f]i]-A„[l]2]| <c„|l]i Af^al, (4.21) 
for all Vti,Vt2 G C'^{A) satisfying \Vti A Vt2\ < ■ 

5 An example 

We consider an example which proves that in the class of Lipschitz domains 
the exponent in estimates (11. 3p and (11. 4p cannot, in general, be larger than 1 — 
2/p. For this purpose we consider the Dirichlet and Neumann Laplacians on the 
circular sector C of radius R = 1 and angle 2/3 with < /3 < vr. In polar 
coordinates 

n = {{p,e): < p < 1, -I3<e<l3}. (5.1) 
For < e < 1 we consider the deformation fi(e) of given by 

^](e) = {(p, 0) : e < p < 1, -/3 < ^ < /?}. (5.2) 

Here we are interested in the behavior of the eigenvalues of the Dirichlet and 
Neumann Laplacians on f2(e) as e — )■ 0. 

In the case of the Dirichlet Laplacian on VL all the eigenvalues are the positive 
solutions of the equations 

J,{y/X) = 0, (5.3) 

where Ji, is the Bessel function of the first kind and order z/, with u = 7rA;/(2/3), 
ken. 

Note that z/ > 1/2 for all < /3 < vr. A; G N, and that z/ < 1 if an only if A; = 1 
and n/2 < (3 < n. 

For our purposes, it is enough to restrict our attention to the case z/ ^ N: 
in this case the eigenvalues of the Dirichlet Laplacian on r2(e) are the positive 
solutions of the cross-product equations 

J,{y/X)J.,{ey/X)) - J^,{^/X)J,{eV\) = 0. (5.4) 

Recall that for a Bessel function of the first kind and order p (p 7^ — 1, —2, . . . ) 
we have J^(s) = s'^i7^(s^), s G M, where if^ is an analytic function such that 
H^{0) ^ 0, see ([El §9.1.10]). 

Assume that A* is a fixed eigenvalue of the Dirichlet Laplacian on Q, i.e., A* 
is a fixed zero of Hi,. It is known that H^y{\^) 7^ 0. Thus, in a sufficiently small 
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small neighborhood of A* and for sufficiently small e > 0, equation fl5.4p can be 
rewritten as 

/(A) - e^V(e'A) = 0, (5.5) 

where /(A) = H^i^X) / H_y{\) is an analytic function in a neighborhood of zero 
and in a neighborhood of A*. 

It is immediate to verify that if e = then the positive solutions of (15 .3^ 
coincide with the positive solutions of equation (I5.5p . Thus, for each < e < 1 the 
eigenvalues A of the Dirichlet Laplacian on f2(e) are exactly the zeros of equation 
/ I5. 5\) (here it is understood that f2(0) = Q). 

We set 5 = e^'', so that equation (15. 5p can be rewritten as 

/(A)-5/(5^A) = 0. (5.6) 

Observe that the left-hand side of equation (15. 6p defines a function of class 
in the variables 6, \, for all (5, A) a neighborhood of the point (0,A*). Note 
that Hl[\^) 7^ since all positive zeros of the Bessel functions are simple, 
see [121 9-5.2]. Thus, /'(A*) ^ and and by the Implicit Function Theorem the 
zeros of equation (15. 6p in a neighborhood of (0, A*) are given by the graph of a 
function 5 X{5) of class such that A(0) = A,,. Moreover, since the derivative 
of /(A) — 5f{5~^\) with respect to 5 at the point (0, A*) is equal to — /(O) then 
by the Implicit Function Theorem we have that 

A(^) = A* + -(^5 + o(5), as 5^0+. (5.7) 
J (A*j 

Note that /(O) ^ 0. This clearly implies that 

|A(e) - A*| =C|l]\l](e)r + o(|r]\fi(e)r), as e ^ 0+, (5.8) 

where C is a positive constant. 

We note that the eigenspace of the Dirichlet Laplacian on corresponding to 
the eigenvalue A^, is spanned by the function U defined in polar coordinates by 



f/(p, 6) = Mp^/X,) sin u{e + /3) = {p^/X,yH,{p'X,) sin z/(^ + /3), (5.9) 

for all < p < 1, -/3 < 9 < /3. Clearly, U E L°°(fi) as expected, and if z/ > 1 
then \/U G L°°(fi), whilst if 1/2 < z/ < 1 then \/U G LP{n) if and only if 
1 <P < 2/(1 — z/). Thus by applying estimate ( II. 4p we obtain that ifl/2<z/<l 
then for any < 7 < z/ there exists > such that 

|A(e) - A,| < c^|^]\^](e)P, (5.10) 

if \Q \ ^l{e)\ < c~^, whilst if z/ > 1 then there exists c > such that 

|A(e) - A,| < c|fi\r](e)|, (5.11) 

if |^^\fi(e)| < 

In the case of the Neumann Laplacian, equations (15. 3p . (15. 4p should be re- 
placed by equations 

J:(v^)=0, (5.12) 

and 
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JUV\)JUev^)) - Ji,(v^) J:(ev^) = 0, (5.13) 

respectively. By writing J^(s) = s^^^K^^s"^) where K^j^ is a suitable analytic 
function not vanishing at zero, one can easily see that in the case of the Neumann 
Laplacian in equation flS.Sp one should simply replace the function / by the 
function g{X) = K^{\)/ K_^{X). Note that Kl{\^) ^ since all positive zeros of 

are simple (use directly the Bessel equation of order v and Watson [13, §15.3, 
(3), p. 486]). Thus, one can apply the same argument used above and prove that 
(15. 8 p holds also for the eigenvalues of the Neumann Laplacian. 

Note that the eigenspace of the Neumann Laplacian on f2 corresponding to a 
positive eigenvalue A* is spanned by the function V defined in polar coordinates 

by 

V{p,e) = Ju{pVK) cosz/(0 + /3) = {p^,Y H^ip'X:) COS v{e + p), 

for all < p < 1, — /3 < 6 < p. Thus also for the Neumann Laplacian, we 
conclude that inequality (II. 3p implies (I5.10p and (15. lip . 

Clearly, in both the cases of Dirichlet and Neumann boundary conditions, 1^5. 8\) 
shows that if k = 1 and 7r/2 < P < it ( <^=^ 1/2 < v < 1) then the exponent 
7 in Ii5.10\) cannot be larger than v. Thus, in general, the exponent in the right 
hand-side of estimates in the class of Lipschitz domains cannot be 

larger than 1 — 2/p. However, Ii5.8\) and Ii5.11\) also show that for special domains 
and special values of the indices n one may find better exponents in the right 
hand-side of estimates ( fi.gj) . 



Note that in this example the domains Vt and f2(e) are of class but not of 
class C°}^(v4) for fixed atlas A and M > 0. In the proof below the domains f2(e) 
will be modified in an appropriate way in order to define suitable domains f2(e) 
belonging to the same class C^^}{A). 

Proof of the sharpness of the exponent 1 — 2/p in (14.131) for N = 2, 

m = 1, n = 1. In this proof, by Xi^v[^^] we denote the first eigenvalue of the 
Dirichlet Laplacian defined on a bounded domain W in M^. 

Let Q be the domain defined by ( 15. ip with 7r/2 < /3 < tt. For all e g]0, 1[ we 

set 

fi(e) = {x = (xi,X2) G : g{x2) < Xi, \x\ < l} , 

where g{x2) = e — |x2| tan | if \x2\ < esin /3, and g{x2) = \x2 \ cot /3 if 1 > esin [3. 
It is easy to see that 

n{e) C n{e) C n{Ae) C n, (5.14) 

for all e g]0, 1[, where fi(e) is defined by (15.20 and A = cos |. By monotonicity 
it follows that 

< Xi,vMAe)] < Xi,vMe)] < Ai,^[l](e)]. (5.15) 

Since the eigenfunctions corresponding to the first eigenvalue of the Dirichlet 
Laplacian are the only eigenfunctions which do not change sign, it follows that 
the eigenspace corresponding to the eigenvalue Ai,D[n] is spanned by ( 15.90 with 
u = 7r/(2/3). Thus, the asymptotic behavior of Ai_-p[fi(e)] is given by (15. 8 p with 
u = 7r/(2/3), hence 

Xi^vMe)] = Xi^vM + C\n\n{e)\^ +o(\n\n{e)\^], ase^O+. (5.16) 
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By combining flS.lSp and fl5.16p it follows that 



Ci\n\Q{e)\^ < \X,^T,[n{e)]-X,,T,[Q]\<C2\n\n{e)\^, (5.17) 

for all sufficiently small e, where Ci,C2 are positive constants independent of e. 

We now apply Corollary 14.121 to the Dirichlet Laplacian with i7i = f2 and 
Q2 = f^(e). It is clear that there exists an atlas A and M > such that Q and 
Q.{e) are of class C'^^{A) for all e g]0, l/2[. Moreover, by formula (15. 9p it fol- 
lows that if 1 < p < 4/3/(2/3 — tt) then the eigenfunctions v^n.ol^i] of the Dirichlet 
Laplacian in Qi belong to W^'P{Qi) for all n G N. Thus the assumptions of Corol- 
lary 14.121 are satisfied for such range of p. Assume now by contradiction that under 
the assumption of Corollary 14. 121 estimate (I4.13P is valid with \Qi \ Q2\^'^^^^^ re- 
placing \ ^21^"^^^, where 5 is a positive constant independent of p. Since 
limp_^4^/(2/3_7r) 1 — 2/p = 7r/(2/3), by choosing p sufficiently close to 4/3/(2/3 — vr) 
it follows that the second inequality in (I5.17P holds with 1^2 \ fi(e)|^^'^ replacing 
\Q \ Q{e)\^ for some ^ > and this contradicts the first inequality in ( 15.17P as 
e^0+. □ 
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